The action for a non-BPS p=2 brane embedded in a flat N=1, D=4 target superspace is obtained through the method of nonlinear realizations of the associated super-Poincaré symmetries. The brane excitation modes correspond to the NambuGoldstone degrees of freedom resulting from the broken space translational symmetry and the target space supersymmetries. The action for this p=2 brane is found to be an invariant synthesis of the Akulov-Volkov and Nambu-Goto actions. The dual D2-brane Born-Infeld action is derived. The invariant coupling of matter fields localized on the brane to the Nambu-Goldstone modes is also obtained.
Introduction
A domain wall spontaneously breaks the Poincaré invariance of the target space down to the symmetry group of the world volume subspace of the wall, which is a lower dimensional Poincaré symmetry. The long wavelength oscillation modes of the domain wall are described by the Nambu-Goldstone bosons associated with the collective coordinate translations transverse to the wall. Indeed, the Nambu-Goto action governing the zero mode fields' dynamics is easily obtained in a model independent way by nonlinearly realizing the broken symmetries on the Nambu-Goldstone fields [1, 2] . In the case of a two dimensional domain wall (or p=2-brane) embedded in three dimen- the D=4 Poincaré algebra, written in D=3 Lorentz group form Here the field transformations are total variations so that ∆φ(x) = φ ′ (x ′ ) − φ(x), and likewise for v m .
Constructing the Maurer-Cartan world volume one-forms, 9) while the φ-field covariant derivative is
(1.10)
The one-form transformation laws follow from equation (1.2) 11) and are homogeneous except for the case of the broken D=4 Lorentz rotations generated by K n , in which case h = e Given these building blocks and their transformation laws, the low energy Ginvariant action, Γ, is obtained in leading order in the domain wall (brane) tension 13) with the determinant of e determined to be
(1.14)
Since the dreibein depends only on v m and not its derivatives, it's Euler-Lagrange equation of motion can be used to eliminate v m in terms of φ. This is just the "inverse Higgs mechanism" [3] , equivalently obtained by setting the φ covariant derivative, equation (1.10), to zero: ∇ a φ = 0 and hence
Substituting this into the dreibein, it has the form
The determinant of e simplifies to become 17) and the Nambu-Goto action [4, 5, 6] for a p=2 brane embedded in D=4 space-time (in the static gauge) is obtained
Alternatively, the φ and v m fields can be kept as independent degrees of freedom.
The action is given in terms of equation (1.14) . The φ equation of motion, δΓ/δφ = 0, can be expressed as the D=3 Bianchi identity, ∂ m F m = 0, for the field strength vector
Substituting this into equation (1.14) yields
Integrating the second term by parts and using ∂ m F m = 0 implies duality of the Nambu-Goto p=2 brane action to the Born-Infeld action [7] for a D2-brane
A slightly generalized approach can be applied to the above coset method as described in [8] . The brane world volume is parameterized by the D=3 vector ξ m and the brane's generalized coordinates are maps of this D=3 parameter space into the D=4 target manifold: 
Similarly the covariant differential one-form ω Z of the φ(ξ) coordinate is given by its covariant derivative
The Maurer-Cartan one-form can be calculated sequentially as
where Λ ν µ (v) is a broken D=4 Lorentz transformation determined by v n . Thus it is seen that the one-forms
are related to dx µ by a Lorentz transformation
From the invariance of the D=4 Minkowski metric η µν under D=4 Lorentz transformations, it follows that
As before, the inverse Higgs mechanism may be applied, ω Z = 0, yielding
This is just the G-invariant interval, hence the world volume reparameterization invariant and G-invariant action is
Thus, the general form of the Nambu-Goto action for a p=2 brane is secured. The reparameterization invariance may be used to fix the static gauge: x m = ξ m and φ = φ(x), in which case the action reduces to that of equation (1.18) . The remainder of the paper is in the static gauge.
The above considerations can be generalized to apply in a supersymmetric context by embedding a topological defect in superspace. Apart from Goldstone bosons associated with spontaneously broken translational invariances, there are in this case additional fermionic long wavelength oscillations. These Goldstinos reflect collective
Grassmann coordinates which are associated with spontaneously broken supersymmetries. Additional massless world volume degrees of freedom may be required to complete multiplets of the unbroken supersymmetries. Topological defects which spontaneously break down target space super-Poincaré invariance to a lower dimensional super-Poincaré symmetry were considered by [9, 10] . If the spatial extension of a defect in directions of broken translational invariance is small compared to the scale set by its tension, and if in addition some supersymmetry remains unbroken, then such a defect is a super p-brane [11, 12] . The world volume theory on the defect inherits extended supersymmetry. Part of this supersymmetry as well as central charges corresponding to spontaneously broken translation generators of the target space are nonlinearly realized [13] .
The previous illustrative example dealt with a D=3 space-time world volume of the p=2 brane being embedded in a target D=4 space-time. Alternatively, the D=3 space-time world volume can be embedded in a target N=1, D=4 superspace; this is the case of a non-BPS brane embedded into N=1, D=4 superspace. When such a 2-brane domain wall is embedded into superspace, the supersymmetry is spontaneously broken as well as the spatial translation symmetry. If the defect is a BPS domain wall on the other hand, then the supersymmetry is only partially broken [14] . The value of the domain wall central charge saturates the lower bound of the wall tension and stabilizes the domain wall. The world volume of the corresponding super 2-brane is N=1, D=3 superspace. Its dynamics were studied using the method of nonlinear realizations [15, 16] as well as equivalently using the superembedding technique [17] .
The world volume theory of BPS domain walls with finite width was also studied [18, 19] through an expansion in modes about classical domain wall solutions.
BPS saturated domain walls provide an effective mechanism for the partial breaking of supersymmetry and may even be a necessary ingredient in a more fundamental brane world and M-theory description of nature. On the other hand, a non-BPS domain wall can be stable and as such can provide a means to completely break the supersymmetry. The lower dimensional manifold of the domain wall will then also include the corresponding Goldstino modes besides the broken translational symmetry Nambu-Goldstone boson mode. These fields correspond to the excitations of the brane in all possible target space directions, the space direction z and in this case the Grassmann coordinate directions θ α andθα of N=1, D=4 superspace when in the static gauge. It is the purpose of this paper to construct the effective action via the method of nonlinear realizations for these low energy degrees of freedom. In addition to the massless Nambu-Goldstone fields of the 2-brane motion, there also can be light (relative to the domain wall tension) matter field degrees of freedom localized on the domain wall brane. Their invariant interaction with the Nambu-Goldstone fields will be determined. Along with the necessary ingredients from the coset construction method, the Nambu-Goldstone fields' action and Nambu-Goldstone-matter fields' action will be constructed in sections 2 and 3, respectively. These are the lowest order terms in an expansion in (inverse) powers of the domain wall tension (and lowest (zeroth) order in the domain wall thickness, that is the 2-brane is a thin, relative to its tension, domain wall).
The Nambu-Goldstone modes' action is an invariant synthesis of the AkulovVolkov action [20] and the Nambu-Goto action. This action is the product of the Akulov-Volkov action and a modified Nambu-Goto action allowing for excitations of the non-BPS brane in the Grassmann coordinate directions of the target superspace
where the 2-brane dreibein is given by a product of dreibeine e 
∂ m is the Akulov-Volkov partial covariant derivative. The determinant of the Nambu-Goto dreibein is found to be
As with the dreibein, the Maurer-Cartan one-form associated with the central charge Z has a supersymmetric generalization to include motion in the anticommuting
Setting it to zero once again leads to the "inverse Higgs mechanism"
Thus the super Nambu-Goto determinant reduces to
Hence, the D=4 super-Poincaré invariant action is obtained from the product of equations (1.32) and (1.37).
The domain wall world volume embedded in superspace is dual to the D2-brane embedded in superspace [21, 22] as is expressed by the above Nambu-Goto-AkulovVolkov action being dual to the supersymmetric Born-Infeld action. Treating all fields as independent degrees of freedom, the φ field equation is obtained from equations (1.32) and (1.34) above and takes the form of the D=3 Bianchi identity, ∂ m F m = 0, with the field strength vector now given by
Substituting this into the determinant of the dreibein yields
The last term integrates to zero to obtain that the non-BPS p=2 brane Nambu-GotoAkulov-Volkov action is dual to the D2-brane supersymmetric Born-Infeld action
where the Akulov-Volkov metric is given byĝ mn =ê a m η abê b n and F mn = ǫ mnr F r .
A specific example of an underlying field theory realizing a stable non-BPS domain wall can be constructed as a generalized Wess-Zumino model in D=4 dimensions [18] .
It contains two chiral superfields X and Φ, with superpotential
and canonical Kähler potential. The tension σ = techniques would be required in order to proceed. However, the form of the low energy effective action in this limit is determined solely by the group theoretical non-linearly realized broken symmetry techniques discussed above. The thin domain wall action is given by equations (1.30), (1.32) and (1.37). Non-BPS domain walls also have been considered in case one of the target space dimensions is compact [23] .
In the third section, the brane localized matter fields' action is constructed using the covariant derivatives of the nonlinearly realized spontaneously broken D=4 superPoincaré symmetries. To this end the method to include matter fields in theories with non-linearly realized supersymmetry [24] is extended to also include nonlinearly realized translation symmetry. The form of the leading terms in the domain wall tension expansion of the effective action for scalar, S(x), and fermion, ψ i (x), matter fields is determined to be
with the G-invariant matter field lagrangian 
The fully covariant derivatives D a can be expressed in terms of the partially covariant Akulov-Volkov derivativesD a with the help of the Nambu-Goto dreibein
Likewise, the components of the spin connection can be expressed in this partially covariant basis
So doing, the fully G-invariant matter field lagrangian in the partially covariant basis becomes
with the Nambu-Goto metric given in terms of the Nambu-Goto dreibein
while the partially covariant matter field derivatives are defined bŷ
Finally, Appendix A is a summary of D=3 Lorentz spinor and tensor definitions and identities along with Dirac matrix conventions.
Brane Dynamics
Besides the space-time translation and Lorentz rotation generators, the N=1, D=4
super-Poincaré transformations include the Weyl spinor supersymmetry charges Q α andQα obeying the anticommutation relation
This relation is invariant under the automorphism generated by the R charge
A domain wall spontaneously breaks the D=4 symmetries to those of D=3. In the case of a static planar non-BPS domain wall centered on the x-y plane, the above symmetries are broken to only retain those of the D=3 Poincaré transformations of the wall. Nambu-Goldstone zero mode degrees of freedom corresponding to the broken z direction translation generator and the four supersymmetry generators propagate along the wall. Geometrically this describes the embedding of a non-BPS spatial 2-brane having a D=3 space-time world volume into a target N=1, D=4 superspace.
In the static gauge, the Nambu-Goldstone boson describes motion of the brane in the spatial (z) direction normal to the brane while the Goldstino fields correspond to motion of the brane in the Grassmann coordinate directions of N=1, D=4 superspace.
Since the unbroken symmetries are those of the D=3 Poincaré group, it is useful to express the D=4 charges in terms of their D=3 Lorentz group transformation properties. However, the SUSY is completely broken in the non-BPS case, so the fields will not belong to linear SUSY representation multiplets. Thus, the space-time translation generator P µ , which transforms as a vector ( 
The R charge is a singlet from both points of view. 
where the complex number a is
The N=1, D=4 super-Poincaré algebra can be written in terms of the D=3 Lorentz group representation charges as
(2.5)
The charge conjugation matrix and the 2 + 1 (D=3) dimensional gamma matrices in the appropriate representation are presented in Appendix A.
The action for the 2-brane can be found by means of the coset construction.
Towards this end a coset G/SO(1, 2) ⊗ R element Ω, with G the N=1, D=4 superPoincaré group, is written as where the infinitesimal transformations g are parameterized as
The transformed coset element is given by the total variation of the fields so that 
the infinitesimal transformations induced on the 2-brane space-time coordinates and fields are obtained:
The intrinsic variation of the fields, δϕ ≡ ϕ ′ (x) − ϕ(x), is related to the above total variation, ∆ϕ, by the Taylor expansion shift in the space-time coordinates:
The nonlinearly realized D=4 super-Poincaré symmetries induce a field dependent general coordinate transformation of the world volume space-time coordinates.
From above, the general coordinate transformation for the world volume space-time coordinate differentials is given by
where
The G-invariant interval can be formed by means of the metric tensor g mn so that
′n where the metric transforms as a tensor
The metric can be constructed from the domain wall dreibein obtained from the Maurer-Cartan one-form.
According to the coset construction method, the dreibein, the covariant derivatives of the Nambu-Goldstone fields and the spin connection can be obtained from the Maurer-Cartan one-forms. The Maurer-Cartan one-forms can be determined by use of the Feynman formula for the variation of an exponential operator along with the
The Maurer-Cartan one-forms are given as
where the individual world volume one-forms are found to be
The Maurer-Cartan one-forms transform covariantly under all of the G symmetries except the unbroken D=3 Lorentz transformation one-form ω 
The metric tensor is given in terms of the dreibein as Maurer-Cartan one-form can be used to express the invariant interval as
The leading term in the D=4 super-Poincaré invariant action is given by the "cosmo-
with the brane tension parameter σ. The lagrangian is the constant brane tension integrated over the area of the brane. The action is invariant
(2.31)
The world volume exterior derivative,
can also be written in terms of the fully G-covariant one-form basis 33) with the fully G-covariant derivative
The exterior derivative is fully G-invariant d ′ = d since the coordinate derivative transforms inversely to the coordinate differential:
Hence it is obtained that 
where theΩ includes the remaining generators, the partially covariant one-forms are given byΩ
The space-time coordinate differentials can be expressed in terms of this one-form basis through the Akulov-Volkov dreibein Hence the partial covariant Akulov-Volkov derivative is obtained
The G-transformation properties of the partially covariant one-forms, equation (2.39), can be found from the factorization of the coset element and the general transformation law. Writing Ω =ΩΩ K , the transformation law gΩ = Ω ′ h implies that
where nowĥ involves the broken and unbroken Lorentz generators but with the field independent transformation parameters of g,ĥ = e iρR e ib n Kn e iα n Mn . In particular, this yields the non-covariant transformation law forω a (even so, the use of indices from the beginning of the alphabet is retained)
Hence, the Akulov-Volkov derivative transforms aŝ In particular the G-covariant coordinate differential one-form, ω a , has a simple relation to the partially covariant coordinate differential one-form,ω a ,
where the Nambu-Goto dreibein, N a b , is found from equations (2.19) and (2.39) Thus the invariant action takes on a factorized form
The detê has the usual form of the Akulov-Volkov determinant for spontaneously broken N=2, D=3 supersymmetry. The det N term can be evaluated to yield the SUSY generalization to the Nambu-Goto action for the p=2 brane allowing for its motion into the Grassmann directions of the target N=1, D=4 superspace
There are two equivalent ways in which to proceed in order to simplify the action by the elimination of the v m field. The Euler-Lagrange approach is a result of the fact that the action depends only on v m and not its derivatives. Hence the v m field equation, δΓ/δv m = 0, will express v m in terms of the independent Nambu-Goldstone fields, φ, θ and λ. Alternatively, the Maurer-Cartan one-form associated with the broken translation generator Z can be G-covariantly set to zero. Expanding the ω Z one-form in terms of theω a basis gives
Setting this to zero results in the "inverse Higgs mechanism"
This result is also obtained in the Euler-Lagrange approach. Substituting this into the determinant of the Nambu-Goto dreibein yields the SUSY generalization of the Nambu-Goto lagrangian as given in equation (1.37)
Hence the complete G-invariant Nambu-Goto-Akulov-Volkov action is given by
Returning to equation (2.57) and treating all fields as independent leads to the φ equation of motion as the D=3 Bianchi identity for the field strength vector
Substituting this back into the lagrangian yields
Exploiting the definition of F m so that
Integrating this over the world volume, the non-BPS p=2 brane supersymmetric Nambu-Goto-Akulov-Volkov action is dual to the D2-brane supersymmetric Born- 
whereh is given by h, equation (2.10), with M a replaced byM a and the fields R-
2)
The covariant derivative for the matter field is defined using the spin connection one-form
The transformation properties of the covariant derivative, 
The covariant derivative transformation law equation (3.4) follows.
Expanding the covariant derivative one-form in terms of the tangent space covariant coordinate basis differentials, ω a , the component form of the covariant derivative is obtained 
Since the covariant coordinate differentials transform according to the D=3 (field dependent) local Lorentz (structure) group vector representation matrices, L b a , equation (2.21) , the component form of the covariant derivative has the G transformation law
For scalar matter fields the covariant derivative is simply the covariant space-time
Since S is invariant, S ′ (x ′ ) = S(x), the covariant derivative transforms as a tangent space vector
Because the flat tangent space metric, η ab , is invariant, the leading terms in the brane tension expansion of the G-invariant action for the scalar matter field are obtained as 11) with the scalar field invariant lagrangian (that is invariant under total G-transformations and hence a scalar density under intrinsic G-transformations) given by 12) where the scalar field potential V (S) is an arbitrary function of S. The fermion matter field ψ i (x) transforms as the D=3 Lorentz group spinor representation
with (suppressing the R-transformation weight)
Hence the bilinear product,ψψ, is invariant, (ψψ) ′ (x ′ ) = (ψψ)(x). The vector bilinear product transforms as a tangent space vector, (ψγ a ψ)
The covariant derivative now involves the spin connection and, in component form, is given by
The fermion covariant derivative transforms according to
The invariant kinetic energy bilinear is given by (ψγ a ∇ a ψ) so that
The G invariant action has the form 18) where the invariant lagrangian involves the fermion and scalar matter fields 19) with the generalized Yukawa coupling to the scalar fields, Y (S,ψψ). In the case of a single species of D=3 Majorana fermion, the Yukawa term terminates at the form y(S)ψψ, with the arbitrary Yukawa coupling function y(S).
The above covariant derivatives were expanded in the fully covariant ω a basis, the relation to the expansion in terms of the partially covariantω a basis can also be obtained. As found above, the scalar and fermion covariant derivatives in the fully G covariant basis are
The covariant derivatives are related through the exterior derivative and the dreibeine as in equations (2.50)-(2.52). The coordinate differentials are related according to
The relation between the covariant derivatives is found through the exterior derivative
with, as previously defined,
The relation between (partially) covariant derivatives is secured (see equation (2.52))
Recall thatD a = A 
(Upon application of the ω Z = 0 constraint, the above expression becomes
where ϕ a is defined by
In components in the fully covariant basis, the connection involves the fully covariant
Using the relation between the two bases, the connection components are related according to
(which, after imposition of the ω Z = 0 constraint, becomeŝ
The matter field covariant derivatives then have the form
with the scalar and fermion fields' partially covariant derivatives defined aŝ
The matter field action can be written in terms of the partially covariant derivatives but the Nambu-Goto dreibein and metric are needed in order to restore full G-invariance. Using the Nambu-Goto dreibein N, its inverse is The invariant interval can be written as The fully G-invariant matter action then takes the form
where the invariant matter lagrangian can be written as Hence the derivative is given by
In a similar manner the conjugate spinorθ i is defined as
The derivative with respect toθ is defined analogously
In other words 6) so that the mixed derivative formulas are
Consequently the product of spinors 
